Lattice Gauge Theory
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OUTLINE:

@ |attice regularization and
continuum limit

@ QCD close to the chiral
limit, O(N) scaling, phase

diagram

2 finite density QCD
moments of charge
fluctuations as probe for
for proximity to criticality
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Phases of strongly interacting matter
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Phase diagram for us > 0, mgq > 0

Does freeze-out occur close to a critical point?

¥ critical line at mg=0

)
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2nd order,

32 O?;)ﬁrniversality TC(I'LB) — 1 — KB HB L O([,L4 )
adorder, T T o
3d Z(2) universality

N0 @ crossover line
B physics on crossover line controlled
N by universal scaling relations ?
Wiite oy KB @ freeze-out line

Is the crossover line related to

the experimentally determined
freeze-out curve?
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Critical behavior in hot and dense matter

QCD phase diagram & chiral limit
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Phase diagram for up = 0

0O(4) physical
- @® point

¥ drawn to scale

20 - Is physics at the physical
guark mass point sensitive to
(universal) properties of the
chiral phase transition?

= physical point may be above mS*™

ng=3: mfrrit§70 MeV

Z(2) ng=3 Nt=4, 6: improved actions
FK et al., NP(Proc.Suppl) 129 (2004) 614
o or 10 15 20 G.Endrodietal PoS LAT 2007 (2007) 182

m_ o;/ m PV (also Nt=6 standard staggered)
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Phase transition in 3-flavor QCD
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Phase diagram for ug # 0

30 . .
# conseqguence for the discussion
0(4) physical : _
- ~ i on the existence or non-existence
of a critical point:
o 207 The bending of the surface on the
“g Z(2) boundary at the nf=3 line
K seems to be of little importance for
the physical region?
n1§ﬂt— L) 0
< - O. Philipsen,
\\ QCD critical point DISAPPEARED Ph deForCI’and,
22) n =3 ‘ NPB642(2002)290
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Symmetries and the chiral phase transition

- Uy (1) X Ua(1l) X SUL(ng) X SUR(Ny) :

@Mtb ~ YLD YL + YrD, br — mg(Yribr + @ER@DL)/

Uy (1) : baryon number ° = e*®1p, 9° = e *®

Ua(1) : axial symmetry  9© = e'©@754) , p© = 1pe*©7s

SUL,r(nyg) : flavor symmetry ',bL/R—G;;J/R L/R

|GL/r € U(ng)]
T,
¢L/R ¢’L/RGL/JR
= (Y%, ¥4,..)



Symmetries and the chiral phase transition

- Uy (1) X Ua(1l) X SUL(ng) X SUR(Ny) -

@Mtb ~ YLD YL + YrD, br — mg(Yribr + @ER@DL)/

symmetry breaking pattern: 3-d effective theory for the order parameter
R. Pisarski, F. Wilczek, PRD29 (1984) 338

O(4) or 0(4) x O(2)
M \
SU(2) Ua(1)

If UA(1) is “effectively” restored at Tc, it
may trigger a first order phase transition
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Order parameter: chiral condensate

Is "nature" sensitive to physics in the chiral limit?

-
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H 14 | -
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cartoon: chiral limit
A. Bazavov et al. (hotQCD), PRD85 (2012) 054503
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O(N) scaling and chiral transition

# close to the chiral limit thermodynamics in the vicinity of
the QCD transition is controlled by O(4) scaling functions:

o~

p 1 a 7]
B = g MZ(V, T ) = —W V£ (1/h50) — £ (VT )

# critical behavior controlled by two
relevant fields: t, h

@ all couplings that do not explicitly break
chiral symmetry contribute in leading order
only to 't'

K. G. Wilson,

1 T 2 1 Nobel prize, 1982
to Te T ho M
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O(N) scaling and chiral transition

+ thermodynamics in the vicinity of a critical point:

p 1 ~ 7]
B = g MZ(V, Ty ) = —W V£ (1/h150) — £ (V, T )

#+ critical behavior controlled by two relevant fields: t, h

@ all couplings that do not explicitly break chiral symmetry
contribute in leading order only to 't’

1 T 2 2
M (__1 g (e, (He) g, Hakte
tO Tc T T T2

ho mg

3 unigue scales at vanishing chemical potential

3 additional, uniqgue scales at non- vanishing
chemical potential: curvature of the critical surface

F. Karsch, , Berkeley School 2012



Order parameter: chiral condensate

Is "nature" sensitive to physics in the chiral limit?

Is the order parameter controlled by the universal,
- singular part of the free energy ?
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+ regular, z = t/h'/P°
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Critical exponents

order parameter, h=0:  {Ppp) ~ (T, — T)P

specific heat, h=0: Cy ~ |t|™¢
correlation length, h=0: & ~ [t|™7

3-d, O(4) critical exponents: B = 0.380, 0 = 4.824,
o=—0.2131 €— o <0

. . . specific heat does not
scaling relations: 2 —a = B(1 4+ 9) diverge in O(N) symmetric

v = B(6 —1) theories

F. Karsch, , Berkeley School 2012
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Scaling properties of higher order

cumulants and bulk thermodynamics

fluctuations

¥ Taylor expansion of the pressure

2n
_ (2n)
r Z(z s @ (7
¥ quark number susceptibilities
B 1 0*"1ln Z
X2n —
VTe o(ps/T)*"

pB=0

bulk thermodynamics

¥ free energy, pressure

% B _% = yrs 4
¥ energy density, specific heat etc.
€ 1 0InZ
¢ ~ VT3 aT

~ _h(2—a—n) j:s(n) (Z)

92" £, (T, V, i)

T s/ T2

—

p=0
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o™ fr (T, V, i)
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Scaling properties of higher order

cumulants and bulk thermodynamics

fluctuations

¥ Taylor expansion of the pressure

2n
(2n)
T4‘Z(2 s @ (7
¥ quark number susceptibilities
B 1 0*"1ln Z
X2n —
VTe o(ps/T)*"

pB=0

bulk thermodynamics

¥ free energy, pressure

% B _% = yrs 4
¥ energy density, specific heat etc.
€ 1 0InZ
¢ ~ VT3 aT

~ _h(2—a—n) j:s(n) (Z)

/

diverges at Tc for m=0
only for n=3

16

ISd, O(4) scaling function; derivatives

of free energy scaling function
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3-d, O(4) scaling functions

J. Engels, FK, arXiv:1105.0584

energy
density
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Higher order cumulants of charge

fluctuation

¥+ higher moments (e.g. 6" order) are drastically different in
QCD close to criticality and in a hadron resonance gas, e.g.

(2)

pp =0 X(G) { = 1 , hadron resonance gas

XB,0
LGT: 16° x 4 (p4)

n o0

0.8 09 10 11 12 13 14 15

18

0.02f

-0.02F

-0.04f

< 0 , QCD at the crossover transition

PQM model

PQM model and
LGT calculations
reproduce
expected O(4)
scaling structure

| | : | B. Friman et al,
06 08 1 12 arXiv:1103.3511
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Energy density vs. quark number susceptibility
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Chiral condensate

(2+1)-flavor QCD

+ Goldstone modes dominate quark mass dependence of 12
the chiral order parameter for T<T. = (Y1) ~m,
+ analog of chiral logs at T=0

0.25

0.25

<Yy>,

0.20 ¢
0.20 r
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0.96<T/T_<1.06 0051
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p4-action: N2 x4 , N, =8 — 32

S. Ejiri et al (BNL-Bielefeld), Phys. Rev. D80, 094505 (2009)
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Magnetic Equation of State

(2+1)-flavor QCD

scaling of the_chlral order parameter: 0(2) vs. O(4)
Mg (PP
My = w9) z =t/h1/PO z - 1.2z
b y
T4
1.6 T T B=. 3285 . O. 2.00 + Mb/h1/6 m|/ms=$§: T i
14 | o) 3505 o - 110 —=
| mynts 3.30 1.50 | 1720 e |
o 3.3025 o 0(2) 1/40 o
3.3075 = « &
10 ) 331 =« 1.00 e
0.8 r 8
m,/m¢<1/20 0.50 r all masses
A @
0671 1771 <003 N B8
1/Bd
0.4 . . vh'®® 2 0.00 b e o
5 1 0 1 > 5 4 3 2 1 0 1 2 3 4 5

p4-action: N2 x4 , N, = 16, 32
S. Ejiri et al (BNL-Bielefeld), Phys. Rev. D80, 094505 (2009)
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Magnetic Equation of State

(2+1)-flavor QCD

scaling of the chiral order parameter: scaling violations = regular

m (1/51#)1 contributions are significant
— S — 1/836
My = T , z=1t/h /BS for my/ms>1/20
. . . . 200 y4 16 T m/m.=2/5 o . |
1.6 B.3285 - Mb/h m,/mg ?ﬁg }%@
O(4) 322 110 =
1.4 PN 3.295 —& . 1/20
1 3. I a
Mg/h 3.3022 —e— 1-50 O(2) 1/40 e
3.3075 = @%a
10 ) 331 =« 1.00 e
oo
0.8 |
m,/m¢<1/20 0.50 r all masses
e
061 [TT11<0.03 i -
1/88
0.4 ' ' vh ' NS 000 b+ . vt e
2 1 0 1 > 5 4 3 -2 1 0 1 2 3 4 5

p4-action: N2 x4 , N, = 16, 32
S. Ejiri et al (BNL-Bielefeld), Phys. Rev. D80, 094505 (2009)
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Magnetic Equation of State

(2+1)-flavor QCD

scaling of the chiral order parameter. scaling violations = regular

mg (1)), contributions are significant
- S . 1 5
My = P t/h /B8 for my/ms>1/20
T4
16 T T T T 200 'I | m|/;'ns=2/l5 »—I@—¢ I—
B=3.285 « © 25
5 o
My/h 33025 o 1.50 a0 e
2y ©@) 3.305 — & ] 1780
3.3075 - .
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0.8 |
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@
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o4 ' ' ' o 000 b— v v
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p4-action: N2 x4 , N, =16, 32

physical quark masses
my/ms = 1/27 seem to
be in the scaling regime

F. Karsch, , Berkeley School 2012

S. Ejiri et al (BNL-Bielefeld), Phys. Rev. D80, 094505 (2009)



The curvature of the critical line

BNL-Bielefeld, arXiv:1011.3130

+ QCD, chiral limit (u,d quarks only)
¥ use scaling relations to extract the curvature of Tc(1n)

Hu = pd > 0, pg = pts = 0, pup = 3pq
2
Hq
1 — K —
Q(T)
T 2
(F-1)-= (%))
T, T

\ superconductor scaling laws control
> curvature of chiral transition

W, fewtimes nuclear L :
" matter density line for small ptq/T

F. Karsch, , Berkeley School 2012




The curvature of the critical line

BNL-Bielefeld, arXiv:1011.3130

+ "thermal" fluctuations of the order parameter

1 T 2
t=— (——1)—&,1 (&> , z = t/hY/P°

Mp = T4 fa(z) fixes T, to, hg
Xm,q = 0% () /T3 | e
T AT + =%
2kqT 54 i
— h(B_l)/‘SBf’ (Z) E gt CD£ é
forms . T'+i"+v”i ¢

T, -1

F. Karsch, , Berkeley School 2012



The curvature of the critical line

BNL-Bielefeld, arXiv:1011.3130

+ "thermal” fluctuations of the order parameter determine
universal curvature coefficient at small pq/T

tomsXm,q 5 0 )
? —_ — o /

T = 0°Myp/0(pq/T)” = anh(ﬁ )/ BfG (2)

o ' 2kfa(z) £ _

0.06 k N=8: m/mg=1/20 —@— analysis for 2 values of the

- N=4:m/m=1/10 r=p— .

3 1/20 At cut-off and 4 (1) different
| =1 quark masses

fi wl "N |k, = 0.059 + 0.006
;‘” 0.02 k

compare to freeze-out
curve

F. Karsch, , Berkeley School 2012




Chiral Transition and Freeze-out

Ty,

L | chiral phase transition curve: t=0
LGT, m=0, O(u?) @
% TG tal | T(pB) ps '\
N YRR eymans et. al. — 1 _ 0.0066(7) =
0.6 |3 § : T, T
0.4 g § > + O(N%)
Eo %
02+ £ 5 - : .
L E e /oper) Issues: _\
o 1 2 3 4 5 6 7 8 - continuum limit
. . . - strangeness
freeze-out curve in heavy ion collisions: conservation
T 2 41
(BB)  _ 1 o003 (B _ . (kB - non zero charge
T, T T
d
MB(\/ SNN) — J. Cleymans et al.,
1+ ey/snN Phys.Rev. C73, 034905 (2006)

F. Karsch, , Berkeley School 2012
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Chiral Transition and Freeze-out
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LGT: Ty(up)
STAR: 200 GeV -
130 GeV @
- 62.4 GeV r¢=
STAR prel.: 39 GeV
NA49:17.3 GeV 4

Andronic et al. = f ]
HB/T ]

chiral phase transition curve: t=0

LGT, m=0, O(?) @

1 — 0.0066(7) (“?B)z

+ O(ug)

mlenomenological\

freeze-out curve,
QCD critical line
and experimental
data (obtained by
assuming the validity
of the HRG model)
are consistent for

- wB/TR2
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The Chiral Transition Temperature

16

— use three different lattice sizes
(lattice spacings) to perform a
continuum extrapolation

14 |
HISQ/tree: N, = 8, O(4)
12 +

10
m;/ mg = 0.050 -~

— use scaling relations to interpolate/
extrapolate to physical quark masses

| T [MeV] | .
° 1;30 1I40 1I50 160 170 1I80 1I90 2I00 2I10 2I20 2I30 2.40 2I50 _ Iocate pseUdO-CrltlcaI temperature
from quark number susceptibility
16 T T T T T T T T T T T T -
14 . - (T) _ 8<’llb,llb>
ol HISQ/tree: N = 12, O(4) | Xm,l p— aml
10 _
o LM m;/mg = 0.050 ] —  Xl,disc + X1,con

T [MeV]

1 1 1 | 1 1 | 1 1 1
130 140 150 160 170 180 190 200 210 220 230 240 250

A. Bazavov et al. (hotQCD), PRD85 (2012) 054503
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30

The Chiral Transition Temperature

140

Xl,diS(I:/TZ | "
120 | é- S Ores: Nt — locate pseudo-critical temperature
100 | ++ -}{'ﬁ N8 from quark number susceptibility
80 | ggﬁ + asqtad;\l:ljgf
60 @3 .m%‘ @2 T _ 8('(,0'(,0)
0l | Xmal( ) — 8
o my
20 | . \G;]); %K . 1 —  Xl,disc + Xl1,con
1 . el L BNV
° 140 160 180 200 9*6220 | 240
m2Xmy (th/a—lf (=) + O fnreg (T H)>
T4 ho x OH

. 1 z
with fi(2) = 3fo(2) — 276
— quark mass dependence of peak position of Xm,l IS a universal scaling

function . T.(mq) — T.(0) (’mz ) 1/86 N
z ==z =c- reg.
max TC(O) ms g

F. Karsch, , Berkeley School 2012



The Chiral Transition Temperature

200 | T, [MeV]
for physical values of the quark 190 |
masses scaling violations in T,
are small <= the crossover

180 r

nf=2+1

temperature reflects chiral dynamics Ne=8 —a—
—@—
scaling fcth. ———
® scaling fctn.+regular ——
T, = (154 + 8 + 1)MeV
140 | | | | mymg
195 , , , — , : : 000 005 010 015 020 0.25 0.30
190 | .
185 F T, [MeV] Physical m/m, - 45 - | |
180 [ HISQ/tree T 40 L xR/ 4}; HISQ/tree: N =6 x
175 Asqtad —©— - N;=8 =
170 i 35 asqtad: N =8 o
A9 N=12 o

165

| S ] 30 ' % stout: N =8 a
160 } o5 | N,=10 a
155 o _ _ - ¢
Combined continuum extrapolation 20

150 _ """""""" HISQrtree: quadratic in N2
145 E° Asatad: a2 . 15
gtad: quadratic in N %
140 N2 . 10 o)
135 : ' A ' L L L 5 fy scale °
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 I % i
o L A TMey)

120 140 160 180 200 220 240




Symmetries and in-medium properties of hadrons

Which symmetries are restored at Tc?

& thermal hadron correlation functions

Greens functions G of quark-antiquark in different quantum
number channels H, controlled by operators J

JH(w) — q(w)PHQ(w) I'y =1, 75, Yus YuY5

scalar, pseudo-scalar, vector, axial-vector

q(q) = u(a), d(d),.... = qq = uu flavor singlet
qq = ud flavor non-singlet

scTr

G (T, @) = (Ju (7, &) J};(0,0)) ~ e M |7l

screening mass

F. Karsch, , Berkeley School 2012




Thermal modification of the hadron spectrum

quark propagator: g(x)q(0) = tqu_l(a:, 0) connected

Gr(z) = tr(ysM; '(z,0)vsM; '(0,z)) <:>

Gn(@) = Gn(x) = (tr |ysM; (@, @) tr |35 M, 7 (0,0)])
Gs(z) = —tr{M; " (z,0)M; *(0,z))
Go(x) = Gs(x)+ (trM; ' (x,z)trM,; *(0,0))

—{(trM; *(x,xz)) (trM; *(0,0)) O O

hadronic susceptibilities disconnected
Xt — Z G'rr(w) = X5,con Xé — Z Ga(GC) — Xcon
4

x
Xn — Z Gn(m) = X5,con — X5,disc

x
Xo — Z Go (33) = Xcon T Xdisc
x

F. Karsch, , Berkeley School 2012



Thermal modification of the hadron spectrum

T < T. : broken chiral symmetry is reflected in the hadron spectrum

a;: qv7d~ ~p: gy
SU(2) LX SU(2) o
x5,con T. C|Y5%CI‘ -0 dq Xcon+xdisc
(fo)
flavor flavor
non-singlet ~ U(1), u(1), singlet
Xcon 0: EI% q ~ ~ M- EW5¢| X5.con” X 5.disc
(ao) SU(2) Lx SU(2) g

T > T : restoration of symmetries is reflected in the (thermal) hadron
spectrum

SU((2)r x SU(2)r: (m, o), (a1,p) degenerate
U(l)a : (m, 6) degenerate

F. Karsch, , Berkeley School 2012



Symmetry restoration and correlation functions

10" P o q 10" P e g
p —— p —S—

) ® a; —o— ® » ® ay —6— ®

10 10
N 8 8 S ® ®
° 8 8 o 8 ®

1073 e . 8 107 8 ; o
0t Totaomev Z ; z ° ] 104l TotsoMev O 3 8 ’
L S ——— 107 &
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
Cu(z) = Z Gu(x,y,z,T)
' ' ' LTyY,T
1@ . . .

e p —o— 3 Thermodynamics with domain wall
w0t e . ° fermions, hotQCD, arXiv:0512xxxx
5 ® ®

10 ® ®

® ® . .
w4l Totsmey © 00 _ chiral flavor symmetry is restored at
e T2160 MeV ~ mx =200 MeV
g no cont. extrap.

F. Karsch, , Berkeley School 2012



Chiral (flavor) symmetry restoration

SU((2)r x SU(2)R : U(1)a :
4T ' 15 Ud, 6x243 —0—
Us, 6x24° —o—
1o} 1.4t Ss, 6x24° —6—
ud, 8x32% —a—
= 213}
> ~
§< 4X163 —g— 28 1.2 f # @
0.8 | 4x32° —m— | o
6x24° —O— 11t % N
6x32° —@— é 0
06T 8x32% —a— . & o y.<
- - . L L L L | 1 " | 1 " 1 1 1
100 200 300 400 500 600 700 800 500 220 240 260 280 300 320 340
T (MeV) T (MeV)
T, T,

~ 1.2T,

- chiral flavor symmetry restored at T, ;
-U (1) stays broken, but is "effectively” restored at about1.27

caveat: (i) calculation done with m, ~ 200MeV
(i) staggered fermions

What about UA(1) restoration?



Restoration of the axial symmetry

T < T. : broken chiral symmetry is reflected in the hadron spectrum

SU(2) LX SU(2) o
x5,con T. C|Y5%CI‘ ~6:4q Xcon+xdisc
(fo)
U(1) , u(1),
Xcon 0: EI% q -~ M- EW5¢| X5.con” X 5disc
(ao) SU(2) .x SU2) g

T > T.: SU(2)rL x SU(2)r restored

=  X5,con — Xcon T Xdisc

U(1)a restoration << Xdisec = 0
& Gr(x) —Go(x) =0



U(1)A remains broken

_ 1 | TI=139-1lgs Melv | | T IMeV
the difference of the scalar and 10 zz***m””****z [ ]
pseudo-scalar drops by an order _ @ TIITILS 3 % %28
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U(1)A remains broken
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Conclusions

— the "crossover transition" in QCD is sensitive to universal
scaling properties of the second order phase transition in
the chiral limit

— in the chiral limit taken at physical values of the strange quark
mass the transition seems to be second order, belonging to
the 3d, O(4) universality class; UA(1) remains broken at Tc

— the transition temperature and the freeze-out temperature

agree within current statistical accuracy at zero and non-zero
baryon chemical potential at least down to beam energies of 20GeV

F. Karsch, , Berkeley School 2012



O(N) scaling and the chiral transition

< In the vicinity of (t,h)=(0,0) the chiral order parameter
and Iits susceptibility are given in terms of scaling functions

M =h"fc(z) , xm=0M/Oh=h"""1f (2)

1
20l | 1 xt = OM /0T = LT h(ﬁ_l)/aﬁf&(z)
o) )
15 | ] 1 =z pr
) fr(2) = 5 (fG(Z) — Efg(z)>
o 0.40

0.35
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0.5 r
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S—t/h1/Pd 0.20 |
00 ||||||||||
5 4321012 3 45 0.15 |

0.10

known from 3d O(N) spin model 005 F

J. Engels et al., 2001/2003 000 b v z .




Energy density vs. quark number susceptibility

16 |
1q | €T

« T[MeV] |
120 140 160 180 200 220 240
€ B 1 O0ln~Z
T4 VT3 9T
~ —hUT fl(2)
Ofr (T, V, i)
| T  |;

42

0

0.35 ;
/T2

03 r

0.25 |

f scale
0.2

015 linear cont. extrap. %
N’C=12 H@ ]
0.1 1 P
6 4 |
0.05 | 1
P TMev |
120 140 160 180 200 220 240
1 8°InZ
B n
X2 —
3 2

~ —hU T fl(2)
02 £, (T, V, ji)
" 8(up/T)?

F. Karsch, , Berkeley School 2012

=0



The chiral phase transition

: UV(l) X UA(l) X SUL(’I’Lf) X SUR(’nf) a

@Ml[’ ~ YLD, YL +YrD, br — mg(Yribr + '@ER'GDL)/

chiral projection: ¥ = YL + ¥r

1
P€=§(1—|—€’75),€=::1, P?=P., P.P_=0
¢L2P+¢3¢R:P—¢
YL =yP_ , Yr=9YP,

Tsaly — als 75 mass term breaks left-right
Y$ = YLYR T YRYL symmetry === order parameter

43 F. Karsch, , Berkeley School 2012
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